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Abstract
Recall that a homomorphism of R-modules pi : G→ H is called a cellular cover over
H if pi induces an isomorphism pi∗ : HomR(G,G) ∼= HomR(G,H), where pi∗(ϕ) = piϕ for
each ϕ ∈ HomR(G,G) (where maps are acting on the left). In this paper we show that
every cotorsion-free module K of finite rank can be realized as the kernel of a cellular
cover of some cotorsion-free module of rank 2. In particular, every free abelian group of
any finite rank appears then as the kernel of a cellular cover of a cotorsion-free abelian
group of rank 2. This situation is best possible in the sense that cotorsion-free abelian
groups of rank 1 do not admit cellular covers with free kernel except for the trivial ones.
This work comes motivated by an example due to Buckner and Dugas, and recent results
obtained by Go¨bel–Rodr´ıguez–Stru¨ngmann, and Fuchs–Go¨bel.
1 Introduction
Recently cellular covers of groups and modules have attracted much attention in the literature.
Recall that a homomorphism pi : G → H of groups is a cellular cover over H, if every
homomorphism ϕ : G→ H lifts uniquely to an endomorphism ϕ˜ of G such that piϕ˜ = ϕ. In
case that pi : G→ H is an epimorphism we say that
1→ K → G
pi
→ H → 1
is a cellular exact sequence. Cellular covers are the algebraic counterpart of cellular ap-
proximations of topological spaces in the sense of J.H.C. Whitehead, or the more general
cellularization maps extensively studied in homotopy theory in the 90s (see e.g. [1], [5], [7],
[15], [16]). As for the dual case, namely for localizations, there is sometimes a good interplay
between cellularization of spaces and cellularization of groups and modules. This motivated
a careful study of the algebraic setting (see e.g. [3], [4], [9], [17], [18]).
The general goal is to completely classify (up to isomorphism) all possible cellular exact se-
quences for fixed cokernel H or kernel K. In some cases this is possible. For instance, if H
is divisible, then G (above) can be determined explicitly as was shown in [6]. And if H is
torsion and reduced, then the cellular exact sequence collapses and K = 0, see [11].
However, if H is reduced (and torsion-free), then K must be cotorsion-free, see [2], [8], [11]
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and a result by Buckner and Dugas [2] shows that any cotorsion-free module K is the kernel
of arbitrarily large cellular covers G of size ≥ 2ℵ0 . Dually, it was shown in [14] that any
cotorsion-free module H of size ≥ 2ℵ0 satisfying natural rigidity conditions is the cokernel of
arbitrarily large cellular covers. This makes a classification impossible.
Also the case of finite rank modules was treated in [14] and also in [11]. If R is a subgroup
of the rational numbers and R is a ring, then R does not admit cellular covers except for
the trivial ones (see [11]). However, if R is not a ring, then R has arbitrarily large cellular
covers by [11]. Unfortunately, the proof in [11] of this result contains a gap that we will fix
in this paper (see Section 1). Moreover, the construction in [11] implies that the kernels of
the cellular covers in this situation are p-divisible for some prime p and we will prove that
this is justified by showing the following (see Theorem 3.1): If R is a subgroup of Q, then R
does not admit cellular covers with free kernel. Nevertheless, we prove in Section 3 that any
cotorsion-free module K of finite rank is in fact the kernel of a cellular cover with cokernel of
rank 2 (see Theorem 4.2). That the rank of K has to be countable is a necessary restriction
by the following result. If K is free, then |K| ≤ |H| ([8]). This clarifies the situation for
cellular covers with cokernel of rank 1 and 2 almost completely since it is left as an open
question if also a free module of countably infinite rank can be the kernel of some cellular
cover of cokernel of rank 2.
2 Cellular covers of rational groups
In this section we consider a result from [11] and fill a gap in its proof. Recall from [8, Theorem
2.11] that there are torsion-free abelian groups L that admit arbitrarily large cellular covers
0→ K → G→ L→ 0.
Necessarily, the kernel K of the cellular cover then has to be non-free if |K| > |L| by [8,
Proposition 1.4]. This result was strengthened in [11] (to groups L of rank one) where the
following was claimed. Recall that any rank one group S is a subgroup of the rational numbers
Q and is of the form S =
〈
1
pnp
: np < mp, p ∈ Π
〉
for some natural numbers or the∞-symbol
mp ∈ N0∪{∞} where Π is the set of all primes and N0 is the set of natural numbers including
0. The type of S is then the equivalence class (in the sense of Baer) of the height sequence
(mp−1 : p ∈ Π) (with the convention that∞−1 =∞) where two sequences (mp−1 : p ∈ Π)
and (kp − 1 : p ∈ Π) are equivalent if the sum
∑
p∈Π
mp − kp is finite. The types form a lattice
that has a rich structure (see [10, Chapter XIII]).
Theorem 2.1. Let R ⊆ Q be a torsion-free abelian group of rank 1.
(I) Suppose that R is not a ring. Then R admits a cellular cover of rank κ for every
cardinal κ ≥ 1 ([11, Lemma 5.3]);
(II) Suppose R is a ring. Then the only cellular covers of R are the trivial ones ([11,
Theorem 6.1]).
The idea of the proof for (I) is the following (see [11, Proof of Lemma 5.3]). For simplicity
let R =
〈
1
p
: q 6= p ∈ Π
〉
for some fixed prime q. The general case follows with easy modifica-
tions. For a cardinal κ ≥ 1 choose a torsion-free group K of rank κ such that End(K) ∼= Z[1q ]
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and K does not contain any pure subgroup of rank one whose type is at least the type of R.
The authors then choose elements bp ∈ K for p 6= q such that bp is not divisible by p in K
and put G :=
〈
K,
a+bp
p
: q 6= p ∈ Π
〉
and claim that
(∗) 0→ K → G
pi
→ R→ 0
is a cellular cover with the obvious map pi sending a onto 1 ∈ R and K to 0. One easily
checks that
• End(R) ∼= Z
• K is fully invariant in G as it is the maximal q-divisible subgroup of G
• Hom(K,R) = 0 by the q-divisibility of K.
Moreover, the authors also claim that
• Hom(G,K) = 0
which then would imply that the above sequence (∗) is indeed a cellular cover by [8, Lemma
3.5].
However, the condition on the elements bp is not strong enough to force Hom(G,K) = 0 as
the following Lemma shows.
Lemma 2.2. If K = Z[1
q
] and bp = p− 1 ∈ K, then the sequence (∗) is not a cellular cover
of R. However, bp 6∈ pK for every q 6= p ∈ Π.
Proof. It is easy to see that in this case the sequence (∗) splits since
a+bp
p
= a+p−1
p
≡ a−1
p
mod K and so G =
〈
K, a−1
p
〉
∼= K ⊕R. Hence (∗) cannot be a cellular cover.
This shows that one has to choose the elements bp more carefully; we now show how.
Proof. (of Theorem 2.1 (I)) As above let R =
〈
1
p
: q 6= p ∈ Π
〉
for some fixed prime q. For a
cardinal κ ≥ 1 choose a torsion-free group K of rank κ such that End(K) ∼= Z[1q ] and K is
homogeneous of type Z[1
q
]. Such a group exists for every cardinal κ as was pointed out in [11]
(see also [12]). We now divide the set of primes Π into two disjoint infinite subsets Π1 and
Π2 with q ∈ Π1. Fix a bijection σ : Z[
1
q
] → Π2 such that z 6∈ σ(z)Z[
1
q
] for all 0 6= z ∈ Z[1
q
].
By the type condition on K we may now pick elements bσ(z) ∈ K such that zbσ(z) 6∈ σ(z)K
for all 0 6= z ∈ Z[1
q
]. Let
G =
〈
K,
a
p
,
a+ br
r
: p ∈ Π1, r ∈ Π2
〉
.
As above it is easy to see that K is fully invariant in G and that Hom(K,R) = 0. We claim
that now also Hom(G,K) = 0. Therefore assume ϕ ∈ Hom(G,K). Then ϕ ↾K= z · idK for
some z ∈ Z[1
q
] by the full invariance of K. Moreover, ϕ(a) = k ∈ K. We obtain
ϕ(
a
p
) =
k
p
∈ K
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for all p ∈ Π1. But K does not contain non-zero elements of type other than Z[
1
q
], hence
ϕ(a) = 0. Now
ϕ(
a+ br
r
) =
zbr
r
∈ K
for all r ∈ Π2. However, by the choice of σ we have
zbσ(z)
σ(z)
6∈ K
a contradiction if z 6= 0. Thus z = 0 and hence Hom(G,K) = 0 and the sequence
0→ K → G→ R→ 0
is a cellular cover by [8, Lemma 3.5].
3 Cellular covers of rational groups with free kernel
In the previous section it was shown that there is a cellular cover
0→ K → G→ R→ 0
of a rational group R such that the kernel K is isomorphic to the rational group Z[1
q
] for some
fixed prime q. We now ask if one can get the same result replacing Z[1
q
] by the integers Z
or more generally by a free group and still have a cokernel of rank one. The following result
shows that this is impossible.
Theorem 3.1. Let H ⊆ Q be a torsion-free abelian group of rank 1 and H0 its nucleus.
Suppose that H is not a ring. Then H does not admit any cellular cover with kernel a free
H0-module.
Proof. Let H be as stated. Then H 6∼= H0 and any cellular cover of H is an H0-module by
[8]. Without loss of generality we may assume that H0 = Z and that H = 〈
1
p
: p ∈ Π\{2}〉.
The general case is obtained by simple modification of our arguments and therefore left to
the reader.
Let F = 〈ei : i ∈ I〉 be a free-abelian group, with I a non-empty index-set, and suppose
that there exists a cellular exact sequence
0→ F −→ G
pi
−→ H → 0, (3.1)
that is, Hom(G,F ) = 0 and every homomorphism ϕ : G → H lifts to a (unique) endomor-
phism ψ : G→ G such that piψ = ϕ.
If G fits in (3.1) then there exist elements a ∈ G and zp ∈ F for all p ∈ Π such that:
G = 〈F,
a+ zp
p
: p ∈ Π〉
where pi(a) = 1 ∈ H and pi(
a+zp
p
) = 1
p
∈ H. We express each zp as a linear combination of
the base elements of F , say zp =
∑
i∈I
zipei, where almost all the coefficients are equal to 0. We
can assume without loss of generality that every non-trivial coefficient zip satisfies (z
i
p, p) = 1,
otherwise we could just erase it, as the term
zipei
p
would belong to F .
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We can now give explicit generators of Hom(G,H). For every r, s ∈ Z, and i ∈ I define
the homomorphism:
ϕ = ϕs,r,i : G→ H by ϕ(a) = r, ϕ(ej) = 0 for j 6= i, ϕ(ei) = s;
Note that ϕ is well defined since (r + zips) is an integer and therefore (r + z
i
ps) ∈ pH, for all
p ∈ Π\{2} and i ∈ I. By linearity we then have
ϕ
(
a+ zp
p
)
=
r + zips
p
.
Now, if q ∈ Π is a fixed prime such that r + ziqs ∈ qZ, then one can define
ϕ′ = ϕqr,s,i : G→ H by ϕ
′(a) =
r
q
, ϕ′(ej) = 0 for j 6= i, ϕ
′(ei) =
s
q
,
and therefore
ϕ′
(
a+ zp
p
)
=
r + szip
pq
.
Note that the condition r+ziqs ∈ qZ is needed since otherwise
r+sziq
q2
6∈ H. By assumption
we know that (3.1) is a cellular sequence, hence there exist unique endomorphisms of G,
ψ = ψr,s,i and ψ
′ = ψqr,s,i such that piψ = ϕ and piψ
′ = ϕ′. Torsion-freeness of H and
uniqueness of lifting imply qψ′ = ψ.
We want to say more about the action of ψ. Obviously,
ϕr,s,i = ϕr,0,i + ϕ0,s,i = rϕ1,0,i + sϕ0,1,i.
If s = 0, then the unique lifting of ϕr,0,i is multiplication by r on G. Similarly, uniqueness
implies that sψ0,1,i = ψ0,s,i. It is now easy to check that there exist elements hi, ha ∈ F such
that ψ is given by:
ψ : G −→ G
a 7→ ra+ sha
ej 7→ rej + shj for j 6= i
ei 7→ rei + shi + sa
a+zp
p
7→ ψ(
a+zp
p
)
(3.2)
Note that qψ′ = ψ yields in particular
ψ(ei) = rei + shi + sa ∈ qG (3.3)
Since ψ(a+ zp) ∈ pG, we conclude for all p ∈ Π
ψ(a+ zp) = ra+ sha +
∑
j 6=i
zjp(rej + shj) + z
i
p(rei + shi + sa)
= r(a+ zp) + s(ha +
∑
j
zjphj + z
i
pa) ∈ pG.
(3.4)
Using that (a+ zp) ∈ pG, we then obtain
s(ha +
∑
j
zjphj + z
i
pa) ∈ pG.
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Subtracting szip(a+ zp) ∈ pG from the previous expression we get
s(ha +
∑
j
zjphj − z
i
pzp) ∈ pG ∩ F = pF (3.5)
since H is torsion-free and hence F is pure in G.
Now recall that ψ = qψ′ for the fixed prime q satisfying (r+sziq) ∈ qZ. Hence ψ(a+zp) ∈
qG for all primes p ∈ Π. From (3.4) and adding and subtracting sziq(a+ zp) we obtain
ψ(a+ zp) = ψ(a+ zp) + sz
i
q(a+ zp)− sz
i
q(a+ zp)
= (r + sziq)(a+ zp) + s[ha +
∑
j
zjphj + z
i
pa]− sz
i
q(a+ zp)
= (r + sziq)(a+ zp) + s[ha +
∑
j
zjphj + z
i
pa− z
i
qa− z
i
qzp] ∈ qG.
Since (r + sziq) ∈ qZ we deduce from this equation:
s[ha +
∑
j
zjphj + z
i
pa− z
i
qa− z
i
qzp] ∈ qG.
But (3.5) for p = q tells us that s(ha +
∑
j z
j
qhj − z
i
qzq) ∈ qG, hence
s[
∑
j
(zjp − z
j
q)hj + (z
i
p − z
i
q)a+ z
i
q(zq − zp)] ∈ qG.
In the last expression (zip − z
i
q)a 6∈ F , thus subtracting (z
i
p − z
i
q)(a+ zq) ∈ qG we get
s

∑
j
(zjp − z
j
q)hj + z
i
q(zq − zp)− (z
i
p − z
i
q)zq

 ∈ qG ∩ F = qF. (3.6)
Now we need to look at the exact presentation of the elements hj in F . Let hj =
∑
k
hkj ek,
where almost all coefficients hkj are equal to 0. By (3.2) and the fact that ψ = qψ
′ we conclude
that shij ∈ qZ for all j 6= i when restricting to the i
th-component Zei of F . Restricting (3.6)
to the ith-component of F we thus obtain
s[(zip − z
i
q)h
i
i + (z
i
q − z
i
p)z
i
q − (z
i
p − z
i
q)z
i
q)] ∈ qZ.
Therefore
s(zip − z
i
q)(h
i
i − z
i
q − z
i
q) = s(z
i
p − z
i
q)(h
i
i − 2z
i
q) ∈ qZ.
Adding 2(zip − z
i
q)(r + sz
i
q) ∈ qZ to this expression we obtain:
(zip − z
i
q)(sh
i
i + 2r) ∈ qZ. (3.7)
From (3.3) we have rei + shi + sa ∈ qG, and also s(a+ zq) ∈ qG, thus their difference
(rei + shi + sa)− (sa+ szq) = rei + shi − szq ∈ qG ∩ F = qF.
Restricted to the ith-component gives:
r + shii + sz
i
q ∈ qZ. (3.8)
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The difference between the expression (3.7) and (zip − z
i
q) times the expression in (3.8) gives
(zip − z
i
q)(r − sz
i
q) ∈ qZ.
Again, (r + sziq) ∈ qZ implies
(zip − z
i
q)(2r) ∈ qZ. (3.9)
Note that equation (3.9) holds for any pair of primes p, q and integers r, s such that
(r + sziq) ∈ qZ.
We now distinguish two cases and make particular choices for the data p.q, r, s.
Case 1: There exists an index i and primes p, q such that zip = 0 and z
i
q 6= 0.
Note that in this case ziq 6∈ qZ and recall that q must be different from 2. We choose integers
r, s relatively prime to q such that (r+ sziq) ∈ qZ. Thus equation (3.9) yields that 2rz
i
q ∈ qZ
- a contradiction.
Case 2: Not case 1.
Then for every index i either zip = 0 for all primes p or z
i
p 6= 0 for all primes p. In the latter
we fix i and claim that
Either there exists a prime q(6= 2) such that (zip−z
i
q) 6∈ qZ, for some p ∈ Π\{2} or z
i
p = z
i
q
for all p and q.
Suppose that (zip − z
i
q) ∈ qZ for all p ∈ Π. Then obviously (z
i
p − z
i
l ) ∈ qZ for all primes
p, q, l ∈ Π. This is impossible once we fix two primes p and l. Therefore, the only possibility
is that zip = z
i
l for all primes p and l in Π.
Now assume that there exists a prime q(6= 2) such that (zip−z
i
q) 6∈ qZ, for some p ∈ Π\{2}.
As above we may choose integers r, s relatively prime to q such that (r + sziq) ∈ qZ. Thus
equation (3.9) yields that 2r(zip − z
i
q) ∈ qZ - a contradiction.
The only possibility left is that for all i we deduce that zip = z
i
l for all p, l ∈ Π. However,
this implies that zp = zq for all primes p, q and hence the group G = 〈F,
a+z
p
: p ∈ Π\{2}〉,
for a fixed element z ∈ F . In particular, one can define a section H → G of the cellular cover
G→ H, given by 1 7→ a+z, which is not possible. This finishes the proof of the theorem.
4 Cellular covers with cotorsion-free kernels
Inspired by the previous sections we are now interested in the following question: Can we
realize every cotorsion-free abelian group K (in particular every free abelian group K) as the
kernel of a cellular cover of some torsion-free group of rank two? By Theorem 3.1 this is the
best we can hope for and by [8, Proposition 1.4] we will have to assume that K is countable
since free groups are cotorsion-free.
4.1 Notation (see [12])
Let R be a commutative ring with 1 and a distinguished countable multiplicatively closed
subset S = {sn : n ∈ ω} such that R is S-reduced and S-torsion-free. Thus S induces a
Hausdorff topology on R, taking qmR (m ∈ Z) as the neighborhoods of zero where qm =
7
∏
n<m sn. We let R̂ be the S-adic completion of R. We will also assume that R is cotorsion-
free (with respect to S), this is to say that Hom(R̂,R) = 0. More generally, an R-module M
is S-cotorsion-free if HomR(R̂,M) = 0. We must say what it means if M has rank κ ≤ |R |.
(Note that R may not be a domain.) If |M | > |R | it suffices to let rk(M) = |M |. If
|M | ≤ |R |, then rk(M) = κ means that there is a free submodule E =
⊕
i<κRei of M such
that M/E is S-torsion. (Note that E also exists if |M | > |R |.) Recall that M is S-torsion
if for all m ∈ M there is s ∈ S such that sm = 0. Similarly, a submodule N of M is S-pure
if sM ∩N = sN for all s ∈ S. If M is S-torsion-free and N ⊆M , then we denote by N∗ the
smallest pure submodule of M containing N , i.e. N∗ = {m ∈M |∃s ∈ S and sm ∈ N}.
We will write Hom(M,N) for HomR(M,N) and in what follows all appearances of torsion,
pure, etc. refer to S and we will therefore not mention the underlying set S.
4.2 The construction
We recently proved in [14] the following result:
Theorem 4.1. Let K be any torsion-free and reduced R-module of rank κ < 2ℵ0 . Then there
is a cotorsion-free R-module G of rank 3 if κ = 1, and of rank 3κ + 1 if 2 ≤ κ < 2ℵ0 , with
submodule K such that Hom(G,K) = 0 and Hom(G,G/K) = Rpi where pi : G −→ G/K (g 7→
g +K) is the canonical epimorphism. In particular,
0→ K → G→ G/K → 0
is a cellular cover.
If K is a single copy of R, then the above result yields a particular cellular cover
0→ R→ G→ H → 0
where G and H are of rank 3 and 2, respectively. Thus R is the kernel of a cellular cover of
rank two. However, if we choose K = R ⊕ R, then Theorem 4.1 only proves that K is the
kernel of a cellular cover of rank 7.
We want to push this bound down to 2 using a constructon that goes back to A.L.S. Corner
(see also [14, Theorem 3.2]). As explained before, the case of free K is included and hence
we have to assume that the rank of K is countable.
Theorem 4.2. Let K be any cotorsion-free and reduced R-module of finite rank κ. Then
there is a cellular exact sequence:
0→ K → G→ H
where G is of rank κ+ 2, and therefore H is of rank 2.
Proof. Let E = 〈ei : i ≤ κ〉 ⊆ K be a free-R-module, such that K/E is torsion. Choose
F = 〈f〉 a free R-module on 1 generator. Let C = K ⊕ F and G be the following pure
submodule of the completion Ĉ of C:
G = 〈K,F,
κ∑
i=1
wiei + wf〉∗ ⊆ Ĉ
where w and wi (i < κ) are elements in R̂ which are algebraically independent over K ⊕ F .
For their existence see [13, Theorem 1.1.20]. We claim that
0→ K → G
pi
→ H → 0
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is a cellular cover, where pi : K̂ ⊕ F̂ → K̂ is the canonical projection. Clearly, the rank of G
is then κ+ 2, and the cokernel H = pi(G) = 〈f,wf〉∗ has rank 2.
We first prove that K̂ ∩G = K and hence ker(pi ↾G) = K. Let x ∈ K̂ ∩G. Then there is
s ∈ S such that
sx = k + f ′ + r(
κ∑
i=1
wiei + wf) ∈ K̂
for some r ∈ R and k ∈ K, f ′ ∈ F . It follows that
sx− k − r
κ∑
i=1
wiei = f
′ + rwf
inside Ĉ. Since K̂ ∩ F̂ = 0 we conclude that f ′+ rwf = 0 and by the algebraic independence
of w also r = 0 and f ′ = 0. Thus
sx− k = 0
and so sx = k ∈ K which implies x ∈ K by the purity of K in K̂.
As in the proof of Theorem 3.2 in [14] we need to show that the group G satisfies the
desired properties, namely Hom(G,K) = 0, Hom(G,H) = piR. Therefore let ϕ ∈ Hom(G,K).
Thus
ϕ(
κ∑
i=1
wiei +wf) =
κ∑
i=1
wiϕ(ei) + wϕ(f) ∈ K
by the unique lifting of ϕ to some map from Ĉ to K̂ (again denoted by ϕ). Since the wi and
w were chosen algebraically independent over K we conclude that ϕ(ei) = ϕ(f) = 0 for every
i ≤ κ. Note that ϕ(ei) and ϕ(f) are also in K. Thus ϕ ↾E⊕F≡ 0. Since the quotient K/E is
torsion this implies that also ϕ(K) = 0 by the torsion-freeness of K. Now, let x ∈ G, then
there is s ∈ S such that sx ∈ 〈K,F,
∑κ
i=1wiei + wf〉. It follows that ϕ(sx) = 0 and hence
also ϕ(x) = 0 by torsion-freeness of K once more. Thus ϕ ≡ 0.
Now, let ϕ ∈ Hom(G,H). As above
sϕ(
κ∑
i=1
wiei + wf) =
κ∑
i=1
swiϕ(ei) + swϕ(f) = rff + rwwf ∈ H
for some s ∈ S and coefficients rf , rw ∈ R. By the algebraic independence of wi and w we
conclude that ϕ(ei) = 0 for al i ≤ κ and hence K is in the kernel of ϕ. Moreover, letting
ϕ(f) = tff + twwf we conclude that
stfwf + stww
2f = rff + rwwf
and thus tw = 0 and rf = 0. Hence ϕ(f) = rf for some r ∈ R and therefore ϕ factors through
pi and induces multiplication by r on H. We conclude that ϕ = pir ∈ piR and this finishes
the proof.
We conclude this paper with an open question.
Problem 4.3. Can we also get a countable free group as the kernel of a rank two cellular
cover?
9
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